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Abstract 



In this paper, we prove a half-space theorem with respect to con- 
stant mean curvature 1/2 entire graphs in E(— l,r). If £ is such an 
entire graph and £' is a properly immersed constant mean curvature 
1/2 surface included in the mean convex side of £ then £' is a vertical 
translate of E. We also have an equivalent statement for the non mean 
convex side of S. 



1 Introduction 

In the theory of constant mean curvature surfaces, the half-space property 
is a problem that have received many contributions in recent years. If £ is 
a properly embedded constant mean curvature Hq surface in a Riemannian 
3-manifold M, we may wonder about the existence of an other properly 
embedded constant mean curvature Hq surface £' which has no intersection 
with S. If such a surface exists, can we say anything about its geometry? 

One of the first results about this question is the half-space theorem of 
Hoffman and Meeks [8]. It says that a minimal surface of M 3 on one side 
of a plane P is a plane parallel to P. The same type of results have been 
proved by several authors in other homogeneous spaces (see [151 (HI 13 El 
HI HI [HJ IT]). In most of these results, the half-space property is studied 
with respect to a surface £ which is parabolic. The parabolicity is really an 
important hypothesis as it has been proved in jll| and |17j . 

The first result involving non parabolic surfaces is due to Daniel, Meeks 
and Rosenberg [4] and concerns minimal surfaces in the Heisenberg space 
MI3. As a Riemannian homogeneous space, MI3 is a Killing Riemannian 
submersion over R 2 . So, in MI3, we can consider surfaces called graphs that 
are images of sections of the submersion. Among these surfaces, the minimal 
entire graphs (graph over the whole M 2 ) have been classified by Fernandez 
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and Mira [6]; certain ones are parabolic and others are not. Actually, Daniel, 
Meeks and Rosenberg proved that if £' is a properly immersed minimal 
surface in MI3 on one side of an entire minimal graph £ then £' is a vertical 
translate of S. 

An other situation where interesting non parabolic surfaces appears is in 
considering entire constant mean curvature 1/2 graphs in H 2 x M.. In fact, 
Daniel and Hauswirth [3] proved that there is an isometric correspondence 
between such surfaces and entire minimal graphs in N1I3. This suggests 
that a half-space property similar to the one of N1I3 should be true for 
these surfaces in H 2 x M.. Actually, we have partial results in this direction, 
the half-space property had been established by Nelli and Sa Earp [12] for 
a particular entire graph which is rotationally symmetric. More recently 
Cartier and Hauswirth [T] proved also the half-space property for a family of 
entire graphs that can be obtained by deforming the rotationally symmetric 
one. 

In this paper, we prove the half-space property for all entire cmc 1/2 
graphs in H 2 xM. In fact, we prove this for entire cmc 1/2 graphs of E(— 1, r). 
E(— 1,t) denotes the family of simply connected homogeneous spaces which 
are Killing Riemannian submersions over H 2 ; we have H 2 xK = E(— 1,0). 
Our main theorem (Theorem [3]) is then 

Theorem. Let S be an entire constant mean curvature 1/2 
graph in E(— 1, r) and £' be a properly immersed constant mean 
curvature 1/2 surface in E(— 1, r). If £' is included in the mean 
convex side of £ then £' is a vertical translate of £. 

We also have a statement when £' is included in the non-mean convex 
side of £. 

Our strategy of proof is similar to the one of [1] and [17] which consists 
in constructing a family of barriers that converges to a vertical translate of 
£. The main difficulty is to prove that the barriers we construct actually 
converge to a vertical translate of £. So the main part of the proof (Propo- 
sition [5]) is devoted to a uniqueness result for the exterior Dirichlet problem 
associate to the constant mean curvature 1/2 equation. If no < u\ are two 
solutions of our exterior Dirichlet problem, we construct (ut)o<t<i a family 
of solutions of the exterior problem that goes continuously from no to u%. 
Then d t ut defines a Jacobi field on the graph of ut- We use the associated 
family introduced by Daniel in [2] to study this Jacobi field on a minimal sur- 
face in Nil3. In fact, we prove uniqueness of this Jacobi field. In some sense, 
it can be interpreted as an infinitesimal version of the half-space theorem 
of Daniel, Meeks and Rosenberg. Using this uniqueness, we can reintegrate 
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dtUt in order to prove that uq and u\ should differ by a constant which leads 
to the conclusion. 

In Section [21 we recall some definitions about the E(k, r) spaces and ex- 
plain what are the entire constant mean curvature graphs in them. Section [3] 
is devoted to two gradient estimates for solutions of the constant mean cur- 
vature equation, these estimates are used in the construction of the barriers 
and in the proof of the uniqueness result. In Section [U we prove our main 
theorem assuming the uniqueness result (Proposition [5]) . This uniqueness 
result is proved in Section [5l Finally, in Appendix [SI we give some compu- 
tations concerning Killing Riemannian submersions and, in Appendix |B| we 
construct two barriers that are used in Section [U 

2 Entire cmc 1/2 graphs in E(— l,r) 
2.1 The ambient spaces E(k, t) 

In this section, we give a quick introduction to the ambient space E(k, r) 
when k < 0; for a complete description we refer to [2J. 

The space E(k, t) is a simply connected homogeneous space with an 
isometry group of dimension at least 4. For k < 0, we define D K = {(x, y) € 
M 2 | 1 + k(x 2 + y 2 ) > 0} (D = M 2 ). A model for the ambient space E(k, t) 
is then Z) K x M. with the following complete Riemannian metric 

ds 2 T = A 2 (dx 2 + dy 2 ) + (2rA K (ydx - xdy) + dz) 2 

where 

2 

1 + k(x 2 + y 2 ) 

The map 7r : E(«, r) — >■ (£) K , A 2 (dx 2 + dy 2 )), (x, y, z) i-> (x, y) is then a 
Killing Riemannian submersion (see definitions in Appendix [A]) over either 
the hyperbolic space M 2 (k) of curvature k or the Euclidean space M 2 (k = 0). 
Moreover the unit Killing vector field is £ = d z . 

If fj, > 0, the map /i M : (x, y, z) i— >■ /i(x, y, z) is a diffeomorphism from 
E(k, r) to E(4r, ^) such that 

h*(ds\r) = n 2 ds 2 

So the study of the geometry of the spaces E(k, t) when k < reduces to 
the one of the spaces E(— l,r); so in the following we only focus to these 
spaces. We will denote H 2 = H 2 (— 1) and A = A_i, we also use V to denote 
the Levi-Civita connection on E(— l,r). 
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The vector field £ generates a flow (<ft)t, in the following we will denote 
by p + t the point (ft(p) where p € E(— 1, r). This notation is coherent with 
the identification of sections with functions in the model. 

The coordinate z defines a function on E(— 1, r), in the following we will 
consider the gradient of this function. So we introduce the vector field £ 
with the following expression 

( = Vz = -2ryFi + 2txF 2 + £ (1) 

where F\ = \d x — 2ryd z and Fi = jd y + 2rxd z are the horizontal lift of 
an orthonormal frame of H 2 (let us notice that (F± , 2*2 , £) is an orthonormal 
frame of E(— 1, r)). 



2.2 The mean curvature of graphs in E(— l,r) 

In E(— 1, r), a surface is called a graph if it is the image of a smooth section 
a : Q, C H 2 — > E(— 1, r), this image is called the graph of a (see Appendix lA]l . 
For such a section, we can define a vector field Go" on by the following 
property: 

(Ga(p),X) M 2 = (£,d p a(X)) n _ ljT) for any X G T p H 2 

When r = and er is a function, Go is the gradient of a; in general, Ga will 
play the role of the gradient. 

In fact, the graph of a has constant mean curvature Hq if 

div H 2 [ - Ga | = 2H (2) 
H {^l + WGof J K ' 

where the mean curvature is computed with respect to the upward pointing 
normal (see (|14p in Appendix [A] for a proof of ([2])). 

If we use the coordinates given by the model, a section a can be identified 
to a function (i.e. z = a(x,y)) and Ga has the following expression: 



Ga = -^(a x + 2r\y)d x + (a y - 2rXx)d y 



2.3 Entire cmc 1/2 graphs in E(— l,r) 

If <T is a section defined on the whole H 2 and its mean curvature is constant 
Hq, it is known that this mean curvature is less than 1/2 (see |14|). In fact, 
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we are interested in entire graph with mean curvature 1/2; so we consider 
sections a defined on the whole H 2 which are solution of 



div H2 ( - G<1 )=1 (3) 

Such an entire graph £ bounds two connected components of E(— l,r), one 
is above the graph, it is the mean convex side of S, and one is below. 

In fact, the space of all constant mean curvature 1/2 entire graphs in 
E(— 1,t) is classified (see [3], [7J and [13]). Let us give some explanation on 
the classification. 

Let X : £ — > E(— l,r) be a simply connected constant mean curvature 
1/2 surface in E(— l,r). On this surface, we can consider four geometric 
data: they are its metric g, its shape operator S, a function v and a vector 
field T such that along £ the vector field £ can be written £ = T + i/iV 
where iV is the unit normal vector to £. In [2], Daniel prove that these data 
satisfies to equations which are necessary and sufficient for the existence of 
the immersion X. 

Now if we consider 6 such that r + | = e td ^Jt 2 + | . We can consider 
the following data 

= 5 

v = v 
T = e ej T 



These new data solve the conditions introduced by Daniel [2] for the exis- 
tence of a minimal immersion X' of £ in E(0, r') with r' = \J t 2 + \. Ac- 
tually this gives an isometric correspondence between minimal immersions 
in E(0, r') and cmc 1/2 immersions in E(— l,r). By the work of Daniel, 
Hauswirth, Rosenberg, Spruck and Penafiel [31 [71 [T3] , we know that being 
an entire graph is preserved by this correspondence. So every entire cmc 
1/2 graph in E(— l,r) corresponds to an entire minimal graph in E(0,r'). 
By the work of Fernandez and Mira [6], we know that the space of entire 
minimal graphs in E(0, r') is in correspondence with the space of quadratic 
holomorphic differential over C or the unit disk. This gives the classification 
of entire cmc 1/2 graphs in E(— l,r) 
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3 Gradient estimates 



In the sequel, we need several gradient estimates for constant mean curvature 
1/2 graphs in E(— l,r). Actually, we consider these surfaces as graphs of 
functions in the model; in consequence the estimates we get depend on our 
choice of the model. 



3.1 Some preliminary computations 

Let a be a section of E(— l,r) whose graph has constant mean curvature 
Hq, a is a solution of ([2]). Let N denote the upward pointing unit normal 
to the graph S of a. On S, we consider the function v = (N, £). Since £ is 
a unit killing vector field, v is a Jacobi function on £ so: 

A 2 zy = —(Ric(N, N) + ||S|| 2 )i/- 

where Ric is the Ricci tensor of E(— l,r). Actually, we have Ric(N,N) = 
-(1 + 2t 2 ) + z^ 2 (l + 4r 2 ) (see [2]), thus we get: 

= -(-(1 + 2r 2 ) + ^ 2 (1 + 4r 2 ) + ||S|| 2 )za 

We also have 

1 A s ^ ||V E z/ 2 || 2 



V Z/ 2 I/ 3 

So if we introduce the operator Lu = A^u — 2z/(Vsj;, Vs«), we have: 

L I = (-(1 + 2r 2 ) + ^ 2 (1 + 4r 2 ) + \\S\\ 2 )- > -I±^!. 
i/ v v 

Using the model, we denote by h the restriction of the z coordinate to X. 
We then have 

Vvh = c T 

where X T denotes the orthogonal projection of X on TS. Using the expres- 
sion ([!]), we obtain the following estimate: 

II V E fc|| = HCII 2 - (C, JV-) 2 > 1 - - cn/ (4) 

where c\ is a positive constant. For the Laplacian of h we have: 

|A E /i| < C2 (x,y) (5) 

with C2(x,y) a smooth function that depends on r and Hq. 



6 



Let p be a point in HI and d denote the hyperbolic distance from p. 
The function d can be extended to the whole E(— l,r) by considering d o 
7r. We then have Vd = Vd where X denote the horizontal lift of X (see 
Appendix [X]) and V is the gradient operator on M 2 . We then have 

||V s d 2 || = ||W 2T || < d (6) 
and because of formulas (fTT]) . ([12]) and (fT3j) 

|A s d 2 | < c 3 (x,y,d) (7) 
with C3 a smooth function depending on r and Hq 

3.2 A gradient estimate close to the boundary 

In this section, we give a first gradient estimate which is similar to Lemma 
3.1 proved by Rosenberg, Schulze and Spruck in [IT]. This result will be used 
to control the gradient of a section close to the boundary of the domain. 

Proposition 1. Let a be a section o/E(— l,r) satisfying to ([2]) which is 
defined on a bounded domain Q C H 2 and is C 1 up to the boundary. Then 
there are two positive constants M and a that depends only on O and r such 
that 

sup W < max(M, sup W) sup e~ aa sup e acr . 
n an n n 

where W = y/l + ||Grcr|| 2 . The quantity e ±QOT are computed by identifying a 
with a function in the model. 

Proof. Let rj = e ah where a will be chosen later. From estimates (j4|) and 
([5]), there is a positive constant k that depends only on ft and r such that 

A E 77 = (a 2 ||V s /i|| 2 + aA E /i)jj > (a 2 (l - u 2 - ku) - ak)n 

Thus 

Ll = (L-)r? + ^Aet? > (-(1 + 2r 2 ) + a 2 (l - v 2 - ku) - ak)^- 

There is vq that depends only on k such that, for v < uq: 

-(1 + 2r 2 ) + a 2 (l - v 2 - ku) -ak>-(l + 2r 2 ) + a 2 /2 - ak 

Thus, if a is chosen sufficiently large (depending only on k and r) we get 
L- > where v < i/q. By the maximum principle, this implies that the 
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maximum of 2 is reached on the boundary of £ or in {v > uq\. This implies 
that 

— < maxfsup — , — sup 77) 
This is the expected estimate since v = W~ l . □ 
3.3 A gradient estimate inside the domain 

We give now an other gradient estimate which is used to control a solution 
far from the boundary. It is similar but less precise than the one given by 
Korevaar in [9] or Spruck in |19| 



Proposition 2. Let a be a section o/E(— l,r) satisfying to (|2|) which is 
defined on a geodesic disk of H 2 centered at p = (x p ,y p ) G and of 

hyperbolic radius R. We assume that a viewed as a function in the model is 
positive. Then there exists a positive constant M that depends on x p + y p , 
R, o~(p) and Hq such that 

W(p) < M 

Proof. Let d be the hyperbolic distance from p in H 2 and we extend it to 
the whole E(-l,r). 

Let us define, on S, ip = (-^- + 3/4 - (^) 2 ) + which is less than 3/4 
and where h$ = o~{p). If P = (p, cr(p)), we have (f(P) = 1/4 and if = close 
to dT,. Let us consider r\ = e KLp — 1 for a constant K that will be chosen 
below. Let us define u = ^, we see that maxu is positive and is reached 
inside the support of (p. 

We have 

1 1 

Lu = (L-)rj + (-)A S 77 

V V 



> -(1 + 2r 2 )^ + -(K 2 ||V E ^|| 2 + KAx<p)e K v 

v v 

> (J^ 2 ||V E ^|| 2 + KAzip - (1 + 2r 2 )) + - 



v 

> (^HVs^ll 2 + KA S ip - (1 + 2r 2 )) 

v 

Let us see that K can be chosen such that the first factor in the above 
expression is positive. 

Let us estimate the different terms. We have 

Y7 ^ 9 VMd " 
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Thus, by (H|) and ©, there is a constant k\ that depends on p and R such 
that 

(v s p,0 < -^-(i-fcn/) + fcii/ 

So there exists v\ > that depends on /ci and /io such that \iv<v\ 

(Vs ^-^k and l|v ^ l|2 -^i 

Besides, by (|5|) and ((7J), there is a constant &2 that depends only on the 
domain p, R, ho such that | As</?| < &2- This implies that for y < i/j we have 

J^HVs^l 2 + KA^ - (1 + 2r 2 ) > /f 2 ^2 - KA; 2 - (1 + 2r 2 ) 

So there exists K > that depends only on /io, &2 and r such that, for 
1/ < i/i, 

^ 2 ||Vs9?|| 2 + if A E v? - (1 + 2r 2 ) > 

Thus applying the maximum principle for the operator L, we get that 
the maximum of u is reached at a point Q where v >v\. Thus 

if/4 _ i 3K/4 _ ■, 

< u( o) < f i 

So we get the expected estimate: 

1 1 e m ' A - 1 
< 



v(P) ~ v x e K l A - 1 

□ 



4 The half-space theorem 

In this section, using Proposition^ we prove the half space theorem with re- 
spect to constant mean curvature 1/2 entire graph in E(— 1, r). The theorem 
is the following. 

Theorem 3. Let £ be a constant mean curvature 1/2 entire graph in E(— 1, r). 
Let £' be a properly immersed constant mean curvature 1/2 surface in E(— 1, t) 
such that £ n £' = 0. 

• if £' is above £ then £' = £ + t for some t > 0. 
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• if £' is below £ and is well oriented with respect to S i/ien T,' = T, — t 
for some t > 0. 

Being well oriented means that the mean curvature vector of £' points 
in the connected component of E(— 1, r) bounded by £ and £'. Since £' is 
only immersed, this condition has a meaning only for points of £' lying on 
the boundary of the connected component. 

In the following, we write the proof only for the first case. We will just 
make remarks to explain where the orientation hypothesis is used in the 
second case. The approach is very similar to the one used by Rosenberg, 
Schulze and Spruck in [17] (see also Daniel, Meeks and Rosenberg [4]). 

4.1 Construction of the barriers 

We are working in the model. Let us consider an increasing sequence < 
7"q < T\ < ■ ■ ■ < r n < • • • with r n < 1 and lim r n = 1 and let A n be the 
annulus {ro < r < r n } C -D-i and A = {ro < r < 1} (r 2 = x 2 + y 2 ). We 
denote by a the function that defines the graph E. 

Using the implicit function theorem, there is 5 > such that there 
is a smooth family (ut t i)o<t<6 of smooth solutions ua of ([3]) on A± with 
Ut,i = o + 1 on {r = ro} and u^i = er on {r = n}. 

In fact, the same construction can be made for every n with the same S. 

Lemma 4. There is 5 > such that, for every n > 1 and < f < 5, i/iere 
exists a smooth solution ut n °f © on A n suc/i that Ut n = a + t on {r = ro} 
and ut >n = o" on {r = r n }. 

Moreover, for any k > i/ie family of functions (ut, n )o<t<8,n>i is uni- 
formly bounded in the C 2,a norm on A^. 

Because of the maximum principle, we have uniqueness of solutions to 
a Dirichlet problem on compact domains; so the above solutions nj >n are 
unique. Thus uo, n = o~- 

Proof. Let 5 be given by the construction of Uti- Let us prove that this 
constant works also for other n. Let us define no, n = o" on A n , the existence 
of 

iH,n will come from the method of continuity. In order to apply this 
method, we need some a priori estimates for the solutions. 

So let us consider a solution ut >n (t < 8). By the maximum principle, we 
have a < ut^ n <o- + t<a + 5, so there is a constant c\(n) > such that 
\u t ,n\ < ci(n) on A n . 
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By the maximum principle, on A\, we have ugi + t — 5 < Ut t n < c + t- 
But these three functions coincide on {r = ro} so the gradient of Ut, n on 
{r = ro} is bounded by a constant C2 that does not depend on n and t. 

From Appendix [Bj we know that there exists a smooth function h on A n 
such that h = a on {r = r n }, h > c\{n) on {r = ro} and 



so by the maximum principle, a < ut >n < h on j4 n . These functions coincide 
on {r = r n } so the gradient of v,t, n on {r = r n } is bounded by a constant 
03(71). Thus by Proposition [H there is a constant 04(11) such that ||Vttt n || < 
04(71) on A n for any t £ [0, 5]. This implies that the equation solved by Ut t n 
is uniformly elliptic. 

Then the DeGiorgi-Nash-Moser and Schauder estimates implies a priori 
bounds for higher derivatives of ut t n on A n . The method of continuity can 
then be applied to prove the existence of the solutions. We notice that the 
estimates we just get depend on n but in the lemma we want estimates that 
are also independent of n. 

For the C 1 estimate, let us consider k > 1, as above a < ut^ n < o~ + 5 
so the family (ut, n )n is uniformly bounded on Ak+i- Thus by Proposition [21 
the gradient of ut, n is uniformly bounded on {r = r^}. Since ||V«t )ri || < C2 
on {r = ro}; Proposition [T] tells that V7t^ n is uniformly bounded on A^. As 
above this gives uniform estimates for higher derivatives on A^. □ 

Since (us t n) an d their derivatives are uniformly bounded, a diagonal pro- 
cess gives a smooth solution us of (|3|) on A and a subsequence (u$ jn i) such 
that ug n > — > us where the convergence is smooth in all compact subsets of 



By construction, we have u$ = o + S on dA and a < us < a + 5. We 
remark that a + 5 is an other solution of ([3]) with the same property; so by 
Proposition [5] (see Section [5]), u$ = a + S. 

Remark 1. For the case £' below E, we need to construct solutions (ii_<y jn ) 
which are below a. The proof is similar, we just use the k barriers of 
Appendix [B] instead of the h barriers. 

4.2 Proof of the half space theorem 

Let £' be a properly immersed constant mean curvature 1/2 surface in 
E(— l,r) which is above E. By replacing E by E + t if necessary, we can 
assume that E' is not above E + e for any e > 0. 




.4. 
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If £ and £' touches, the maximum principle implies that £' = £; so 
we can assume that the two surfaces do not meet. Let 5' > be such 
that £' does not meet X + £ for t G [0,(5'] over {r < ro}. Let 5 < 5' such 
that Lemma H] is true and let us consider a subsequence of (ug n ) such that 
u 5,ri —> cr + 5. 

Let us denote by T,s )U the graph of u$^ n . The surface T,s )n — $ is below 
£ so below £'. Besides the boundary of £#„ — i for i 6 [0,(5] never meet 
£', thus, by the maximum principle, £,5 jn is below £'. Letting n tends to 
+oo along the chosen subsequence implies that £ + 5 = lim £,5 >n ' is below 
£'. This gives a contradiction and Theorem [3] is proved. 

Remark 2. When £' is below £, the orientation hypothesis is used in order 
to apply the maximum principle between £' and £ and between £' and 

£-5,n + 

5 A uniqueness exterior result 

In this section we prove a uniqueness result for (J3j) in an exterior domain on 
M 2 . 

We still consider the model for E(— l,r). Let us consider ro £ (0, 1) and 
A = {r > ro} 6 D-\ = H 2 . We have the following uniqueness result. 

Proposition 5. Let u, v be two smooth solutions of Q on A such that 
u = v on dA and \u — v\ is bounded on A then u = v. 

The rest of this section is devoted to the proof of this result. 

Let u and v be as in the proposition. If u ^ v and exchanging u and v 
if necessary, there is a to > such that v + t$>u and inf^u — u + to) = 0. 
Let us denote u = v + to- We have u = u + to on dA and inf^S — u) = 0. 

5.1 Construction of a foliation 

Let ro < r\ < • • • be an increasing sequence with limr n = 1. As above, we 
denote A n = {ro < r < r n } 

Let 5 < to be given by LemmaH]with a = u. Then we have the associated 
family of solutions Ut, n (t £ [0,5]) of ([3]). 

We remark that if i < t' , the maximum principle tells that ut tU < ^t',n < 
Ut,n + t' — t < u. By Lemma HI for any k, the family (ut, n )o<t<8,n>i is 
uniformly bounded in the C 2 ' a norm over A^. 

Thus by a diagonal process, there is a family of smooth solutions («g5) g GQn[o,i] 
of ([3]) in A and a subsequence such that Ug^n' — > u q s for any g S Q fl [0, 1] 



12 



(the convergence is smooth in any compact subset of A). If q < q' G Qn[0, 1], 
we have u q s < u q >s < u q s + (q' — q)5. Besides the family (u g 5) g gQn[o,i] is 
uniformly bounded in the C 2,a norm over A^. These two properties imply 
that, for t E [0,5], the function 

u t = sup u q s = inf u qS 
<?eQn[o,i] 9GQn[o,i] 

gS<t 9 5 >* 

is well defined and is a smooth solution of ([3]) on A (we notice that this 
definition coincide with the original one when t/5 € Q). By construction, if 
t < t' i Ut < u t i < u t + (t' — t) and Ut = u + t = uq + t on dA. Moreover, 
for any k, the family (^)tg[o,5] is uniformly bounded in the C 2,a norm over 
A^. Thus lim t ^. t / ut = Uf with smooth convergence on any compact subset 
of A. 

We also have u = uq < ut < u$ < u; this implies that inf^(nt — u) = 0. 



5.2 Derivation of the foliation 

In the preceding subsection, we have constructed the family (u t ) and proved 
that it depends continuously in the parameter t. In this subsection, we study 
the differentiability with respect to t. 

Since all the functions ut satisfies to ([3]), a derivative v = ^| t= j is a 




~ Xu { (^v,Xu t ) 
^/l + \\Gut\\ 2 



(8) 



where Xu = — — (see Appendix [A]) . We will prove that this is in 

a/1 + ||Gu|| 2 

fact the case. 

Lemma 6. Let i 6 [0,5] and (tk) a sequence converging to i then there is a 
solution v of ([5]) and a subsequence such that 

Utu - Ut 



tk' — t 

with a smooth convergence in any compact subset of A. 

The idea of the proof comes from the work of Solomon about the regu- 
larity of minimal foliations |18j . 
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Proof. Let Vk be equal to Ut k — uj. We then have Gut k = Gui + V^. Thus 
v k is a solution of the following equation 



= div H 2 



Vvk + Gui Gu 



^T+Wn + G^f y/i + \\ Gu t 



dl v H2 [ I 1 !^2&ld S ) (9) 
y/l + \\Gw k , a \\* J { ' 



with w k)S = uj+ sv k . Let us denote by P k>s the linear operator 

PkA x ) 



Actually, Pfc !S is a smooth section of the endomorphisms on TBI 2 defined on 
A. 

Let n G N*, we know that the functions Ut k and tij are uniformly bounded 
in C 2,a norm over A n . Thus the family (i^fc,s)fceN,se[o,i] is uniformly bounded 
in C 2,a norm over A n . This implies first that the family (P ktS ) is uniformly 
bounded in C 1,a norm over A n and that there exist a constant c n > such 
that, for any X G TH 2 , 

IIXII -(X,y m ) 2 (1- \\ Xwk \?)\\X\\ 2 

(P ks X,X) = - ' V > V " A " ;fc - 3 " ; " L > Cn X 2 

' Vl + HGu; M || 2 " y/l + \\Gw k J* ~ 

Thus we have proved that the operators 



L k (w) = div H 2 / P k)S (Vw)ds 
Jo 



are uniformly elliptic with uniformly bounded C 0,a coefficients in A n . So, 
by Schauder estimates, there is a constant c n such that 

ll u fc|lc2^(A„) < c n(\\vk\\c°{A n+1 ) + \\ v k\\c 2 ' a ({r=r })) < 2 Cn|ifc ~ *] 

The last inequality comes from the fact that \v k \ = \ut k — | < \t k — t\ and 
v k = t k — t along {r = tq}. Thus v k /(t k — t) is uniformly bounded in C 2,a 
norm over A n . So, by a diagonal process, there is a subsequence v k >/(t k > — t) 
that converges smoothly to a function i> on any compact subset of A. 

Besides, since v k — > smoothly, the operator P k>a converges uniformly 
to the operator P defined by: 

p(x , _ X - Xut(X, Xut) 

Vl + HGn f || 2 ' 

So v is a solution of (El). □ 
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Since ut < u# < ut + (i' — t) if t < t', the function v satisfies < v < 1. 
Moreover, on cM, we have u = 1. The constant function 1 is an obvious 
solution to (JHJ) that satisfies to the same properties; in the following we will 
indeed prove that 1 is the only such solution. 



5.3 The associate surface in E(0, t') 

Let t be in [0, 5] and T, be the graph of We will consider several metrics on 
the annulus S, so in the computations, we will always explain to which metric 
the computation is made. The function v constructed by Lemma E] can be 
viewed as a function on X. From Appendix [Aj if v is the angle function 
(iV, £), vv is a Jacobi function on where g is the induced metric from 

E(— 1,t). In this section, we use the associated family of constant mean 
curvature surfaces introduced by Daniel [2] and the work of Daniel and 
Hauswirth [3j to prove the following result. 

Lemma 7. There exist a flat metric go on T, and a vector field G on X such 
that any function w such that wv is a Jacobi function of (S, g) is a solution 
to 

/v% -x(Wx)\ „ 

with x = ^jjjop ( sv >b or superscript means that the computation are 
made with respect to the go metric). 



Proof. Let £ be the universal cover of S. The immersion X of S in E(— 1, r) 
is encoded in the induced metric g, the shape operator S, the function v 
and the orthogonal projection T of the vector field £. As in Section \2.3\ let 

6 be such that r + \ = e i6 J\ + T 2 . Then, the data 



9=9 

S ' = e 9J (S-h) 
i 

v = v 



T' = e 0J T 



encode a minimal immersion X' of S in E(0, \J\ + t 2 ) (J denotes the rota- 
tion by 7r/2 in the tangent space to X) (see [2]). 
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The Jacobi operator of X'(E) is: 
A g , + (-2r /2 + 4r'V 2 + ||S'|| 2 ) = A g + (-2(1 + r 2 ) + 4(1 + r> 2 + ||S|| 2 - 

= A g + (-1 - 2r 2 ) + (1 + 4r V + ||,S|| 2 ) 

where the computation are made with respect to the metric g = g 1 . Thus 
the Jacobi operator of X'(Y<) is the same that the one of X(Y>). If w is 
viewed as a function on £, the function wv is a Jacobi function on X(£) so 
it is a Jacobi function on X'(£). 

Let 7T be the submersion from E(0, r') to R 2 . Since u' = u > Q, the map 
7r o X' is a local diffeomorphism from E to I 2 , so we can lift to E the flat 
metric of M 2 . Let go denote this flat metric on £. Besides locally, we can 
describe X'(T,) has the graph of a section s. By Appendix [Aj since wv' is a 
Jacobi function on X'(£), the function w, viewed as a function on M 2 , is a 
solution of 

1 + \\Gs\ 



The computation are made with respect to the Euclidean metric of M 2 . But 
the vector field G = (ir o X')*(Gs) is globally well defined on £ and then v 
is a solution on £ of: 



divn 



v°w-x(vVx) 



where y = , G Let us now see that this description passes to the 
\A+ll G Uo 

quotient surface E. Let us consider 7 a generator of 7Ti(E). The element 7 
acts on E as a diffeomorphism without any fixed point. Moreover, from the 
uniqueness part of Theorem 4.3 in [2], there exists M an isometry of E(0, r') 
such that for any p £ E we have X'i^y ■ p) = M(X'(p)). Besides there is an 
isometry m of M 2 such that n(M(q)) = m(7r(</)) for any q E E(0,r'). This 
implies that 7r(X / (7 • p)) = m(ir(X' (p))) so 7*^0 = and 7*G = G. This 
implies that the metric and the vector field pass to the quotient surface E 
and w on E is a solution of (fl~0|) . □ 

In fact, the metric go on the surface E which has a compact boundary 
satisfies the following property. 

Lemma 8. The flat metric go is complete. 
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Proof. It suffices to prove that every curve in E starting from a point in 
the boundary of E which is proper in E has infinite length with respect to 
go- On E, we lift the function r which is the radial coordinate on D—i; 
r : E — )■ [0, 1) is proper, r can also be lifted to E. 

Actually, it suffices to prove that every curve in E starting from a point 
in the boundary of S such that r o 7 — > 1 has infinite length with respect to 
9o- 

So let 7 be such a curve in E. We have the following estimate: 



JX'(y) JX(-y) Mxh)) 

In { r o < r < r i}i we know that there is ^0 > such that v > vq. So for a 
curve 7 with r o 7 proper, we have: 

^(7,30) > 2z^ (argthri - argthr ) = t > 

This estimate implies that we can only consider points in E which are at 
a distance larger than £q from dT, in the go metric. Using this, we can 
apply the work of Daniel and Hauswirth [3] to prove that, if (E, go) does not 
satisfied to the expected property, then X'(E) has a subset which is a graph 
over a strip S£K 2 isometric to (0, e) x M. Moreover this graph goes to +00 
on one of its boundary component. But the existence of such a minimal 
graph is impossible by Theorem 6.3 in [3]. □ 

5.4 A uniqueness result for Jacobi function 

In this subsection, we prove a uniqueness result for solution of a certain 
partial derivative equation over a flat surface. 

Lemma 9. Let (S, ds 2 ) be a complete flat surface with a compact boundary. 
Let G be a smooth vector field on S. We consider w and w' two smooth 
functions on S with the same boundary value which solve the following partial 
derivatives equation: 

div (v»-xF">x))- n 
\ VTTWF J 

with y = . = If w — w' is bounded then w = w' . 
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Proof. The first step of the proof is to estimate the growth of the surface 
S. Let d be the distance function from dS. d is a Lipschitz function. If n 
is the inward unit normal vector to dS, the set {d = do} is included in the 
image of the map (p^ : dS — > S;p t- > exp p (doN(p)) (actually this map is 
well defined only on a subset of dS). With k the geodesic curvature of dS, 
we obtain: 

£({d = d }<£(im<p do )< [ |1 + Kd \dl < (1 + Rdo)l{dS) 

JdS 

where R = max|re|. Thus £({d = do} has at most a linear growth. 
Let P be the linear map defined on TS by: 

P(X) = X ~*( X 'X) 

Vi + IIG|| 2 

We have 

||X|| 2 -(X, X ) 2 (1-|| X || 2 )(X, X ) 2 



\p(x)\\- 



< 



1 + ||G|| 2 1 + ||G|| 2 

|X|| 2 -(X, X ) 2 (X,P(X)) 



i + l|G|| 2 v^Tpp 

<(*,^P0) 

The function d is Lipschitz continuous and the set {0 < <i < do} is 
compact with rectifiable boundary. So let us define 

I(d )= [ (w-u/)(P(Vu;- Vit/^dH 1 

Jd{0<d<d } 

and //(do) = / ||P(Vio - Vu/JUdW 1 . Since to - it/ = on {d = 0}, 

J{d=d } 

\w -w'\<M and d{0 < d < d } C {d = 0} U {d = d }, we have |J(d )| < 
Mfi(do). Using Stokes and coarea formulas and ||Vd|| = 1 a.e., we also have 
for do > d\\ 



I(d )= [ (Vw-Vw',P(Vw-Vw')) 

J{d<d } 

>I(di)+ [ ||P(Vu>- W)|| 2 

J{d!<d<do} 
rdo r 

>I(di)+ / / \\P(Vw- Vw^fdtfds 

J d\ J {d=s\ 
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Since (.{{d = s}) is at most linear, there is a c > such that for s > d\: 

fi(s) 2 < £({d = s}) [ WPiVw-Vw^fdn 1 < cs [ WPiVw-Vw^fdn 1 



So we have: 

J(di) f d ° fi 2 {s 



M + J dl i«« 

We notice that fj, is a priori just a locally bounded measurable function, 
but we can integrate the above differential inequality. Indeed let g(do) be 
the left-hand side of the above inequality. Since \i is locally bounded, g is 
locally Lipschitz. Moreover 

5/1 " M J dl cMs - M J dl cMs 

Now if /(do) is the right-hand side of the above inequality, / is C , satisfies 
the same differential inequality and we have : 

J v ; cMs ~ cMs 

So 



/(*) > m) 



Now since /(do) < <?(do) < /u(do) 

7(di) 



M(do) > 



But this lower bound blows up at do = di exp(j^j), so we get a contradic- 
tion and this finishes the proof of Lemma [9J □ 



5.5 End of the proof 

Let us now use all the preceding lemmas to finish the proof of Proposition [5l 
So let u and u be the function introduced at the beginning of the section. 

Let (ut)te\o,5] be the family of function constructed in Section [5TTI 

Let i £ [0,5] and (i^) be a sequence converging to t. From Lemma [6l 

there solution v of (JSj) and a subsequence such that 
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By construction < v < 1 and v = 1 on dA. w = 1 is an other solution of 
([8]) with the same properties. Let us see v and w as functions on the graph 
£ of Uf. From Lemmas [7] and [H there is a complete flat metric go on E and 
a vector field G such that v and u> are solutions of (jlOp . Thus, by Lemma [9l 
« = io = 1. The uniqueness of the possible limit implies that 

u t k - n ) 1 
tk — t 

du 

for every sequence (tk)- So u t is differentiable with respect to t and = 1. 
This implies that u>us = uq + 5 = u + 5. So we have a contradiction with 
vo1a{u — u) = and it finishes the proof of Proposition [5] 



A Some computations in Killing Riemannian sub- 
mersions 

In this appendix we recall some definitions about Killing Riemannian sub- 
mersions and make some computations concerning graphs in such an ambient 
space (see [TU1 15]). 

Let (M n+1 ,g) and (B n , (•,•)) be two complete Riemannian manifolds. 
Let 7r : M — > B be a submersion. The tangent space T p M at p then splits in 
ker (Itt® (ker d-7r)^ where ker dtr is the 1-dimensional space of vertical vectors 
and (kercfa")^ is the space of horizontal vectors. The submersion tt is called 
Riemannian if dir is an isometry from (ker dir) 1 - to T n ^B. 

Definition 1. A Riemannian submersion tt : M — >■ B is a Killing submer- 
sion if it admits a complete vertical unit Killing vector field. 

If 7T : M — > B is a Killing Riemannian submersion, we denote by £ this 
unit Killing vector field. Besides, if X is a vector field in B, we denote by 
X its horizontal lift by tt. 

Using this notation there exists a 2-form won5 such that for any vector 
fields X,Y on B we have: 

[X,Y] = \X^Y]+oj{X,Y)i 

We notice that [X, £] = 0. When X is a tangent vector to B, we denote X w 
the vector such that (X u ,Y) = oj(X,Y) for any Y. With this notation the 
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Levi-Civita connection of M and B are relied by 

1 



V^y = V x Y + -lj(X,Y)Z (11) 
Vxt = -±J& (12) 

v 5 e = o (13) 



In a Killing Riemannian submersion, we are interested by surfaces that 
are the image of sections a. These surfaces are called vertical graphs in M 
and the image of a is also called the graph of a. If a is a section defined 
over f2 C B, we define on Q a vector field Ga by the following property: 

(Ga,X)=g(da(X),0 

for any X tangent to B. This vector field Ga plays the role of the gradient 
of a function. 

First, the upward pointing unit normal to the graph of a is given by the 
following expression: 

-Ga + i 



N 



In the following, we denote ^1 + ||Gcr|| 2 by W. In fact the expression of N 
is defined in the whole 7r -1 (f2) and the mean curvature of the graph of a is 
given by 

*ff = - div a [ Z %^j 

So if {Ei) is an orthonormal frame of T p B we have 

^ = -E5(V i( =^U)-5(V s ^,5) 

i 

i 



diVg 



Ga 

w 
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So the mean curvature is given by 

nff = div( , G ° | (14) 

Let us denote by £ the graph of c The map <r : £1 — > £ is a chart, so 
let us make some computation using this system of coordinates. We have: 

da(X) = X + (Ga,X)£ 

so the induced metric is g(X,Y) = (X,Y) + (Ga, X)(Ga, Y). If u is a 
function on £1, we get 

(Vu,X) = du(X) = g(V g u,X) = (V g u,X) + {Ga, V g u)(Ga, X) 

Thus Vu = V g u + (Ga, V g u)Ga; this implies that 

V g u = V U - (Xa,Vu)Xa 

where \<j = i Ga As a consequence, we have: 
v 1+ II G<T II 

5(V 9 U, V g w) = (X7v - (Xcr, ^v)Xa, VtW - (Xa, Vw)Xa) 

+ (Ga,Vv - (xa,Vv) X a){Ga,Vw - (Xa,Vw) X *) 
= (Vu, Viu) - (2 - ||x CT || 2 )(Xa, V«)(x<t, Vw) 

+ ^ 2 (l-||x CT || 2 ) 2 (Xa,V V )(x CT ,Vn;) 
= (Vu,Viu)-(x<r,Vt;)(x <7 ,Viu) 

Besides the divergence operator for the metric g have the following ex- 
pression: 

div, X = \ div ( ^1 + \\G<t\\*X) 

If S has constant mean curvature, the function v = (N, £) is a Jacobi 
function so = A E z^ + (RiCg(N, N) + ||5|| 2 )^ with S the shape operator of 
S. Let v be a function on S, we then have 

A S (W) + (Ric-g{N, N) + P|| 2 )(^) = (A s ^)v + 2(V E u, V E v) + i/(A E «) + (Ric g (N, N) + ||A|| 2 )(W) 

= ^(A E 7;-2zy(V s i V E t;)) 
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Thus vv is a Jacobi function if and only if A^w— 2i/(Vs^, Vsu) = 0. Looking 
at v as a function denned on Q, since f = it gives: 

= A g v - 2W~ 1 g(V g W, V g v) 

= W-^diviWiVv - (Xa,Vv) X a)) ~ 2((VW, Vv) - (Xa,VW)( X a,Vv))) 

= W- l {div{W 2Vv - {x ^ Vv)x °) - (W 2 , Vv -^ Vv ^)) 

= w-\div( Vv - {x - Vv)x n ) 

So vv is a Jacobi function if and only if 

= div( — ) (15) 

B Some barriers 

In this appendix, we construct some barriers from above and below on the 
exterior boundary component of an annulus for ([3]). 

We use the model for E(— l,r) but we consider hyperbolic polar coordi- 
nates on D_i, so x = tanh(/)/2) cos 9 and y = tanh(/?/2) sin 9. 

Let < pi < po be two radii and / be a smooth function on {p = po}. 
For M a constant, we construct a smooth function h on {p\ < p < po} such 
that 

• h = f on {p = po}, h > M in {p = p{\ and 
( Gh \ 

We see / as a function of 9 and we define on {p\ < p < po} the function 
h(p,9) = f(9) + a(po — p). Let us prove that for a sufficiently large h 
satisfies the expected properties. We have h(po,9) = f(9) and h(p±,9) = 
f{9)+a{pQ— p\) > M if a > (M— min/)/(po— pi)- In the polar coordinates, 
we have 

Gh = -ad p + ( - 2r tanh £) d B 

smh p smh p 2 ' 

Thus 

d . v ( Gh \_ coshp a gp(fS~2rtanhf) 2 i 
1VH2 \ vTTf^Fy sinhpW " 2W 3 sinhp W 

i (£S- 2 " tanh f)^(££- 2 " tanh f) 2 

sinh p 2W 3 
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where 



W= Jl + a 2 + (i^I-2rtanh^) 2 
y v sinn p 2 



With a > 0, there exists a positive constant m that only depends on /, po 
and pi such that: 



G/i \ m m m 
dlVH2 ' l + || G fep J-^ + a + a^ 



So when a is sufficently large, the mean curvature of the graph of h satisfies 
the expected estimate. 

Now let us define k(p, 6) = f(9) + a(po — p) with a < By choosing 
a small, we can ensure that k(pi,8) < M. Moreover, because of the above 
computation, there is a m > such that 

^. / Gk \ ^ cosh po —a m m m 
H \y/l + ||GA;|| 2 y ~ sinhpo yja 2 + m oi 1 \a\ \a\ 3 

So choosing a sufficiently close from — oo, k satisfies to 

• k = f on {p = po}j k < M in {p = p{\ and 

( Gk \ 

• div B1 2 — = > 1 
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